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Chapter 1I.

§1. Differentials and derivations.

All rings are commutative, associative, with identity'and
e s e AN NNAA A A A

all modules are unitary unless stated otherwise. R denotes

the category of rings. Also all diagrams are understood to be

commutative.

et A be a ring and let = A\R be the category of

A-algebras. An object of C 1is a ring B together with a map

ip: A - B of rings, and a map f: B-B' in C 1is a map of

rings such that fiB = lB' . C 1is a category of'unlversal
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algebras so the general theory of [HA,85,p.5.14] applies to
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define cohomology groups for an object B of C with values

W

in a "B.module,” where "B-module in the general theory means
W‘

m

an abelian group object in C/B . We show in this sectlon that

m

this notion of B-module”c01nc1des W1th the usual one. AlsO
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we calculate the abelianization functor on C/B in terms of
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dlfferentials

Let B denote a fixed A-algebra ahd let _é/B be'th; cate-
gory of A-algebras over B . Here "over' is used as in cate-
gory theory, so that an object of C/B 1is an A-algebra X to-
gether with a map Uy: X - B of A-algebras. If M is a B--

module, let B®M be the A-algebra over B with
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If 6: Y- B®M is amap in C/B, then 6y = uYy$Dy where
D: Y - M satisfies

DiY(a) = 0
D(yy') = uy(y)Dy' + uy (y')Dy .

In other words D is an A-derivation of Y with values in M

considered as 53 =module via u,, . Conversely given such a

N)

D we obtain a 6 and therefore

(1.1) HomC/B(Y,BaM) o Der(Y/A,M)\

Lee o e e
This 1s an isomorphism of functors of Y . As  Der(Y/A,M) is |
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an abelian group under addition we see that B&M is an abelian
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group object of C/B ((H - Rept)
Recall that an H-object, in a category is an object endowed
with an operation having a two-sided identity. An H-object of

C/B 1is therefore an object X together with niaps

such that



_(l-.?)_ . He (eux: idx)' = uni(idx:wx) = idx

For the abelian group object B®M one calculates that

e(b) = b0

(1.3)
u(b®m,bém') = S (m+m’ )

Proposition 1.4: Any H-object of C/B 1is isomorphic to
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BM  wlth multiplication (1.3) for some B-module M . In

LT

particular any H-object is an abelian group object.
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- Proof: Given an H-object X , let M = Ker(ux: X = B)
considered as a B module via ev: B= X . If X,y € M, then

by (1.2)

u(x,0) = x L(0,y) = ¥

SO as | 1s a homomorphism

Xy = u(x,0)u(0,y) = n((x,0)(0,y)) = 1(@:9) = 0

Thus M has the zero multiplication. It follows easily that

the map B®M - X given by bém - exb+m is an isomorphism

in C/B . Abbreviating ey to e we have

1 (ebtm, eb+m') = L(eb,eb) + plm,0) + u(0,m')

= b F 11 + m7

which shows that the multiplication ¢ on X is the same as

(1.3) on B®M. Q.E.D:.



1.4

Let (Q/B)ab be the category of abelian group objects in
‘g/B and let -MB be the abelian category of B modules. From

1.4 we obtain

Proposition 1.5: There is an equivalence of categories
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In particular (C/B)_ . is an abelian category.

M= i gl wﬂlumﬂm%“‘-" -~

If Y 1s an A-algebra, let DY/A be the Y module of

A-differentials of Y . There is a2 canonical A-derivation

d: Y - DY/A such that

Hom_MY(DY /A,N) = Der(Y/A,N)
0 = god
for any Y module N . From 1.1 we have

(1.6)

Hom_q/B(Y,BEBM) ~ Der(Y/A,M) ~ Homgy(DY/A,M) ~ HomMB (DY/A®YB,M)

Thus

Proposition 1.7: With respect to the equivalences of cate-

AN ¢—2b D
:_MBE(_Q/B)ab ‘ s /B )
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1.5
where 1 1s the natural faithful functor and ab is the

abelianization functor, the left adjoint of i

- From now on we will identify (C/B)_,, and M; by the
equivalence of Prop. 1.5. 1.7 shows that Y = D

l"'--'—--n----.........._—..|—-—-|-u---|-l----lI--l—---ll_----l-l-ll---|--.._--.--.........._...,,..__-_m..__..Ib

_ Y/A 1s
identified with the abelianization functor on ‘g/B :



§2. Homolog and cohomolog

The qth cohomology group of the A-algebra B with values
in the abelian group object B®&M of C/B [HA,II,p.5.1%] will

be denoted Dq(B/A,M) and called simply the qth cohomology

group of the A-algebra B with values in the B module M .

According t0 Theorem 5 (loc.cit.) this may be defined in two

!

different but equivalent ways--as sheaf cohomology from a

Grothendieck topology and@by (semi-) simplicial resolutions.
Both definitions for Dq(B/A,M) will be given in this section.

The former will be used in globalizing the definition to pre-

schemes and the latter leads to a notion of homology for the

A-algebra B .

2.1. ILet T be the Grothendieck topology [C T] whose under-

lying category is C/B and where a covering of Y is a family
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consisting of a single map Z = Y which is s€t-theoretically
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surjective. Representable functors are sheaves for T hence
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by 1.1 Y b Der(Y/A,M) is a sheaf of B modules on T . The

\ D¥(B/A,M) =~ HI(B,Der(-/A,M)) ’

w}jére-: the righ'i:fsidedenotgs sheaf cohomolo for the topology

—
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We will-give the other definition for D 1in 2. It is first

- r@f:-egﬁafs{_..ZLIQQ;";'SZI';&.t:eu— some f-f-&cts about simplicial objects.



2.2
If X is a simplicial object in an abelian category,
its homology in dimension q , denoted H (X)

th

2.3.

y 1s defined to be
e homology in dimension g of the chaln complex constructed

from X with differential d = z(-l) d. By the normalization

i
. -_—
theorem this is the same as Hq(NX) where NX is the normalized
—_N__

subcomplex of X . Hence when X is g7 simplicial
Hq(x) 1s the qth homotop

U > X
7

i a {f

Vv > Y

a dotted arrow exists such that the whole diagram is commutative.

Let A(n) bve the "standard n simplex” simplicial set ang let

1.: 4(n) - A(n) Dbe the inclusion of its n-1 skeleton. The

Tollowing pProposition characterizes those maps of simplicial

abelian groups which are trivial




2.3

@ f 1is surjective (in each dimension) and H*(f):.;"H* (X) =

Hy (Y)

@ As & map of simplicial sets f has the RLP with re-
e

spect to i_: A'(n) - A(n) for all n > 0.

et e e Ry n

As a map of simplicial sets f has the RLP with re-

spect to any injective (in each dimens::.on) map or simplicial sets.
LIRS TS SRl

This results from [HA], II, §3, Prop. 2.

(2.6). A map of simplicial rings is said to be a trivial

fibration 1f as a map of simplicial abelian groups it satisfies

the equivalent conditions of 2.5. A map of simplicial rings is
called a cofibration if it has the LLP with respect to all triv-
ial fibrations of simplicial rings. Cofibrations may be described
in the following alternative way. Call amap i: R=S of sim-

plicial rings free if there are subsets Cq - S':1 q2 0 such

that (@ T]*Cq C Cp whenever 1v: [p] - [q] is a surjective mono-

tone map and @ Sq 1s a free Rq algebra (polynomial ring)

with generators Cq . Then Theorem 6.1 of [(] implies:

Proposition 2.7: Any free map of simplicial rings is a co-

fibration.

The proof of Proposition 3, -§4,<{HATS -F¥;- yields

Proposition 2.8: Any map B RN ¥ i __I’%llelCJ.al rings may be

factored f = pi where i is fre__e__:anci,jig?f;s--Iai;__:tfl-vlal fibration.

e

\GCorollar;[ 2.9: A map -i: R-= S—of sinmplieial rings is a
m

Cofibration if and only if there is-a-free map 3R = T and




2.4
maps u: T = S

y V: S = T of simplicial rings under R

“such
—_— e —on JWder
S ]

that uv = igd

is a cofibration

Then v 1is Obtained
as the dotted arrow in

a simplicial ring. ILet T = A1) and let je:YI - Y e

(resp. g: Y = YI) be the map induced by

the inclusion of the
eéth vertex A(0) - A(1)

simplicial rings. Let h: R - XI

and’ k: S - YI be homotopies such that Ki = fIh y and let
e -

o? 81: S = X be maps with eei = jeh and

Then there is a homotopy H: § - yI with Hi = h , £l = g

- 2



2.5

Proof: Consider the square

\'

. 7(k,0 ,6
S O

DN S

where XI = XxX . The map (fI,jo,jl) 1s seen to be a trivial

fibration using 2.5(iii), hence the dotted arrow exists ang gives
the desired homotopy. Q.E.D.

2,12, Let u: R-=S be a map of simplicial rings. By a

cofibrant factorization of 1 weé mean a factorization R i T’p S

.

of u where 1 1s a cofibration and P 1s a trivial fibration.

If R~ T= S 1is another cofibrant factorization of u » Tthen by

the definition of cofibration there are maps o: T - T' and

v+ T = T 1in the category R\sR/S . By 2.11 oy and v are

homotopic to idTl and idT respectively in this category.

2.13. If X 1is an object of a category we let c¢X denote’
the "constant" simplicial object with (cx)q = X, o* = id, for
all q,op . |

2.1%. ILet A,B,M, and C be as in $1. A simplicial



2,6
A-algebra over B (i.e. simplicial object of C/B) P 1is the

same as a factorization cA - P - ¢B of éhe map cA - cB . We

shall call P a projective A-algebra resolution of B 1if this

factorization is a coiibrant fectorizatlon. By 2.8 pro,jective

A-algebra resolutions of B exist. Choose czr;e P and let

LDy /A be the simplicial B module iDP /AQPB  obtained by applying
the "abelianization" functor Y ~ D /AG‘YB dimension-wise to P .

P Nl T e e

The simplicia.l homotopy type of L B /A is 1ndeEendent of the

= e e . .
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choice of P by 2.1z, Ihe underlying chain complex of LDp /A

is called the cotangent oomBlex of the A-algebra B and is unique
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up to chain homotopy equivalence of the cholce € of P . The follow-
ing groups are then well-defined:

(2.15) D, (B/A,M) = H, (IDg /5 ®5M)

(2.16) DY(B/A,M) = HY (Homg (IDg /5, M) )

We call these the qth homology and cohomology groups of the

A-algebra B with values in M. When M= B we write simply
D,(B/A) and D3(B/A)

v
3

Progosition 2.17: The definitions 2.2 and 2. 16 are consistent.

. ,-. e Sl —— il ey

fo(B/A,M)e—a:{q{'Hom Dy, A®PB M)} = H{Der(P/A,M)}

_'___' ._:'.";;;_;.;f;-_ . | B 2 sl

S0 the result fo’fl,lows f_rom IHA] , II, §5, th.5. Alternatively it

“foliows from - a generel theorem of Verdier (SGA, 1963-64, Expose 5,
Appendix) “o‘ri'c:e oﬁe notes that a T-hypercovering of B is the

'H*- m#‘ f-l-
- e ".myp R oL -I:.ll—_-f"-—-_-'.—_- —ﬁ.-‘-_ ‘—dh “_

—H




2.7

same as a simplicial A-algebra resolution and that a projective
it e e e APt e S e s . N

;esoluti__on 1s by (2.14%) a cofinal object in the category of

e = T Y ——
M—-m-*ﬁ e

- - L
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T-hypercoverings of B .



$3. Elementary properties

In thls section we establish prOpertles of the homology and

Bean TR AR Sy —— - = s el = et ot "Ll L - i g S o o
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cohomology'groups Wthh are elementary'ln the sense that ‘they do

Al A

not use Spe01al properties of commutative .rings and hence are
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'true'w1th0ut essential modification for all kinds of universal .
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algebras.

Proposition 3.1: If B is a free A-algebra, then :;DB/A'ﬁ'

CDB/A and hence

DY(B/A,M) = D (B/A,M) =0  g> 0

D° (B/A, M)

Der(B/A,M)

Dp /5 ®pM

D_(B/A,M)

Proof: The identity5map CB - cB makes ¢B a free simpli-

cial A-algebra resolution of B sy hence -;DB/AAZ’CDB/A and the
proposition follows.

3.2. In analogy with 2.6 we say that a simplicial module

X over a simplicial ring R is free 1 there are subsets

CqC‘Xq such that (i) n*Cq C‘Cp if' M : [p] - [q] 1S a‘sur-

Jective monotone map and (ii) Xq 15 a‘;ree 'Réf’module hlth |

-

base Cq . X will be called Erogectlve 1i 1t is dl“eﬁt sum- |

mand of a free simplicial R.'modulef?

I P is a free A—algebra-resolutiéﬁléf4%5%ﬁw1th'generators

-—
- _ l'-.._. - = "~ _r e mmam
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f{C1DP~/A®@f5m_1s a- SEb of
&énerators as in 3.2. Hence DP/A®?B”isia}frééigimbliCi&i~-Br-h-




3.2

module. If Q 1s a projective A-algebra resolution, then by.
2.0 Q 1s a retract of a free one P and so DQ/A@QB is a
projective simplicial B module. In particular as a chain com-
plex DQ/AQQB 1s projective in each dimension. Thus

Proposition 3. 3: iDp/p 18 & projective simplicial B

module.

Corollary: If O -+ M - M-M -0 is an exact sequence

of B modules then there are long exact sequences.

(3.4)

o - D°(B/A,M') - D°(B/A,M) - D°(B/A,M") ~ DY(B/A,M) - .
(3.5)

- Dll(B/A,M") - D:(B/A,M') - D‘;(B/A,M) - D¥(B/A,M") ~ 0O

Corollary: There are universal coefficient spectral sequenc:

(3.6) B = Torﬁ(bq(B/A),M) => D_, (B/A,M)

(3.7 E3% = Extj(D,(B/A),M) ==> DPTI(B/A,M)

AW
j

Der(B/A,M)
D(B/A)@BM

Proposition 3.8: D° (B/A,M)
Do (B/A,M)

"Proof: As Y ~ DY/AQYB is a left adjoint functor by 1.6,

it is right exact. Hence Do (B/A) = DB /A and the proposition
Iollows from 3.6 and 3.7.

" Remark 3.9: The spectral sequence 3.7 shows that M =
Dq(B/A,M) ls the qth derived functor of M « Der(B/A,M) if



3.3
 end only if D -(B/A) = 0 for q@> O . This can fail to be so

even 1f A 1s a field, and in this respect commutative rlng
sy,

cohomology ils qu::.te distinct Irom group, Lie algebra, and associa

1--"'—#

tive algebra cohomolo
Rt D

3.10. By an extension of the A-a-lgebra. B by M we mean

an exact sequence

(3.11) oﬂM-i*x -B~0

where u 1is a map of A algebras such that (Ker u)2 = 0 and
where 1 induces an isomorphism of B modules M ¥ Ker u .

Ker u being endowed with the .B module structure u_(x)y = Xy

x €X ,y €Keru. Let Exalcomm(B/A,M) be the set of isomor-

phism classes of extensions of the A-algebra B by M.

#"_--m

Proposition 3.12: There is a canonical bi,]ectn.on

Ot g 0 bl st ™ St = ™ s it v e Ty s S o . .

D (B/A M) ~ Exalc |

omm(B/A, M)

mmw““ g, ks, il g ¥ -..'.

Proof: Given a free A-algebra resolution P of B and an

extension 3.11, choose a map 6: Po - X of A algebras over

B . Then i"l{edo-edl}: Pl = M 1is a normalized 1l-cocycle of

Der(P/A,M) whose cohomology class is independent of the choice
°f ® . This gives a map &: Exalcomm(B/A,M) - DL(B/A,M) which
one may-show is independent of the choice of P . Conversely,--‘.._;,

glven an A-derivation D: Pl - M let



(a_,D)
X = Coker{pP,

VEV

Poeu}
(4,,0)

the cokernel being in the category of A modules, and let
p: P,®@M = X be the canonical projection. Then X 1is a quotient
A-algebra of P &M and if D is a cocycle of Der(P/A,M) we

obtain an extension 3.11 with u(p(y®m)) = ey , i(m) = p(O&m) .

It 1s straightforward to verify that this procedure gives an in-
verse to & . Q.E.D.

Remark 3.13: It is also possible to prove 3.12 using the

interpretation of the sheaf cohomology in terms of "torsors.”

- —

By [ ] one also gets a general interpretation of D° this way,

however for rings the methods of the second chapter seem better

for handling the higher cohomology.

Corollary 3.1%: Suppose that A/I ¥ B where I 4s an
ideal in A . Then DO(B/A) = 0 and Dl(B/A) o IT/:IZ2

Proof: D_(B/A) = 0 by 3.8. From 3.7 and 3.12 we have
Homg (D, (B/A),M) ~ D*(B/A,M) ~ Exalcomm(B/A,M) .

let X € Exalcomm(B/A I/1° ) be the isomorphism class of the ex-

2
__ ttension 0 - I/I - A/I = B - 0 . By functorality X defines

t““' — e — -_._- -

& natural transfomatlon L Hom (I/I yM) = Exalcomm(B/A M) .

.—.

.-_;_:Cernv'ersely"g’i*ven*aﬁ extension 3.11, choose amap o: A - X with

| 119 . iE the restrlctlon of 98 to I gives rise a homomorphlsm

-, - i+

of B- modules T/I M-, 'I’nis procedure is easily seen to

r—— e

de:
_ efine an” inverse to X* ; hence HomB(Dl(B/A) M) ~ HomB(I/I ,M)

P wm e W e e —.—.--lll-!

| fend 80’ Dl\B/A) ~ I/I Q E.D.



since they de-

”pend on the fact that dlrect sum in the category of A- algEbras

is given by tensor product. We begin by recalling facts about
simplicial modules which are proved in [HA], II, §6.

Ho(Mp) 1is obtained from Mp Dby formally adjoining the inverses

of the weak equivalences (maps which induce lsomorphisms on ho-

mology). Ho (M ) is equivalent to the category whose objects

are the projective simplicial R modules (3.2) with homotopy

classes of maps for'morphisms When R = cA 5 Ho(Mﬁ) is equi-

valent to the full subcategory of the derxved category of A

modules consisting of the chain complexes.

4.2 If X,Y are two simplicial R modules, let TorE(X,Y)

be the simplicial R module Obtained by applying the tri-functor
. | 1,
Tor.(-,+) dimension-wise. Let X®

RY’ denote the deriveg tensor
L

product of X and Y . X®@Y is isomorphic in iHo(MR) to PepQ ,

Where P and Q are projective resolutions of X and Y res-

P€ctively. There is a spectral sequence ([HA], II, §6, th. 6 )
(4.3) E° = H (Ter(X Y)) ===> H (XL
a p+q

One of whose edge homomorphisms 1s the map on homology induced by
L

the Canonical map X@FY'm-P@hQ - xahx'. Consequently we have






rree) R module. Using 2.9, one reduces to the case where P
is free, whence if Cy 1s an R-algebra basis for P as in 2.6,

then the monomials in the elements of Cx form an R module

pasis for P as in 3.2.

a trivial fibration. As cobase extension preserves cofibrations,

it follows that R! ﬂ:PahRﬁ - S' 1is a cofibrant factorization
of R' - S' and hence setting P' = PRLR'

IDg: /pi = Dpir /pi8g 5" = (Dp/p®RS)®R' = LDg /p@pR!

which proves 4.7. To prove 4.8, let R - Q - R be a cofibrant

factorization of R - R' . By the same argument as above we

I'ind that R - P@RQ - S' 1is a cofibrant factorization of R - S;

and so



*o

are jndependent of the choices of P,Qi by 2.11. Q.E.D.

corollary 4.9: Let B and C be A-algebras and let N be
a B®,C module. If Tor‘g(B,C) = 0_ for g > O, then there are

p%(B®,C/C,N) = D(B/A,N)

and similarly for homology.

4.10. If 0 - X' -X-X' -0 is an exact sequence in M, ,

then in Ho(Mp) there is a cofibration sequence ([HA], TI, §6)

4

(4.11) X! » X - X" S sxt

where I denotes the suspension functor on Ho(Mp) . When R = cB
and we lidentify Ho (_I\_@R) with the subcategory of the derived cate-
-ory of B modules consisting of chain complexes, then the sus-
pension functor shifts a complex to the left and the sequence 4.11

15 the distinguished triangle associated to the exact sequence.

Theorem: Let R 5 S YT be maps of simplicial rings: Then -

there is a canonical cofibration sequence in HO@T) | _
(3.12) IDg/g®sT = LPq/g = L5~ Z(1D5/g35T)

Proof: Form a diagram




(4.13)

As

hence
L L
Q: P@PQ — S@PQ s Which

i2 and q are weak
s T 1s also surjective since

As j 1is a cofibration so is 1

cofibrant factorization.

.13 is g diagram of rings where

T module, then there jis an



4.6

(.2%) 0 = (Dp/g®S)AGT ~ Dy ;p@ T - Ps2,0/5%s@,qT = O

This last sequence 1is seen to be functorial in the diagram of
rings 4.13, hence applying .this functorial exact sequence
dimension-wise to #.13 now considered as a diagram of simplicial

rings we obtain an exact sequence 4.14 of simplicial T modules.

that P 1s & projective R-algebra resolution of S s We see that

the cofibration sequence in Ho(M.) associated to 4.14% is the

ey

desired cofibration sequence 4.12.

It remains to show this cofibration sequence is independent

of the choice of the diagram 4.13. Suppose given a diagram of
simplicial rings

R > S > T
(4.15)

v vV \

R? > St > ™

and suppose given a diagram (%.13)' similar to 4.13 but with

Primes. By lifting successively in the diagrams

(5.16)




4.7

we obtain a map from 4.13 to (#.13)', hence a map from the exact

sequence 4.14 to the corresponding exact sequence (4.14)', ang

rinally a map of cofibration sequences. The resulting map is

independent of the choices of the 1iftings in 4.16 vecause by

2,11 two 1liitings in the first square are joined by a homotopy

which may then be extended to a homotopy between the liftings

in the second square. It follows that the map of exact sequences

5.1% to (4.1%4)' is unique up to homotopy and hence the map of

cofibration sequences is well-defined. Q.E.D.

Specializing to constant simplicial rings, we have

Corollary 4.17: If A =B - C are maps of rings, then there

15 & canonical exact triangle in the derived category of (

modules

LDp /7 @pC > Do /p
F’

\
\

N\
.\

\
\

G

tnce if N is a C module, there are canonical exact sequences

O = D(c/B,M) - D°(C/A,M) - DO(B/A,M) - D (C/B,M) - ..

~ D, (C/B,M) = D (B/A,M) - D (C/A,M) - D_(C/B,M) = 0



§5. Some applications

In this section we extend to all q certain vanishing
vesults for Dq(B/A,M) which were proved in [ ] for g=1 and
in [ ] for q= 1,2 . We shall state these results only for

{he cotangent complex iDp/p 1leaving the translation for the

runctors D? and Dq to the reader.

Proposition 5.1: If S is a multiplicative system in A ,

then 1D _ >~ 0 .
- STTA/A '

Proof: (after André [ ], 20.1) ILet C = S~1a . ae

C®,C ¥ C we have an isomorphism LD /p®,C = LDn/p ©f projective

simplicial C modules. As C is flat over A the former com-

plex by 4.7 is isomorphic to --I='DC®AC/C ~ Do = O .

Corollary 5.2: Suppose T is a multiplicative system in

B and that S is a multiplicative system in A which is

carried inte T by the homomorphism A = B . Then

-1
LD ~ ID T B .
= rlp/g-l, < = B/A%®B

and using 5.1 we have

) B/A®B T B/A - T-lB,/S_lA

Proposition 5.3: Suppose that A is noetherlanandﬁis
9_1:._2}111‘% type as an A algebra. Then : - = e




5.2

T i B = e el

, an oy - o -~ ey —
-

‘B is etale over A <=

b ———

| is smooth e ~ 5 3 '
IB ” oV ? _5_( =2 %PPK%'t“CDB/A and DB/A 1ls a pro-

|
L

1l TN QT WF W R —— -

jective B module.}

Proof: (==>) Suppose B etale over A , 1.e. B is flat

over A and A: Spec B - Spec B@AB 1s an open immersion. Let

r be a prime ideal of B and let q = A(p) so that (B®,B)

Bp . Then there is an isomorphism of projective B modules

i

(LDg/p)p = ('-LDB/A®%B)q

~ (""L'DB@AB/B)Q by 4.9 since B is
flat over A .
~ LD by 5.2
=~ (B®,B y 2
~ 0

4% = == ]
ms H*((;DB/A) ) - H*(LDB/A)p+" O and as p is an arbitrary

Now suppose B smooth over A ~
r . As H (LDB/A) Dp /a (3.8)

uhere 1s a canonical map of projective simplicial B moduleé

p/a = CDp/p - To prove this is an isomorphism we reduceibv

localizlng on B to the case where A - B may“be FactOﬂea '

P~ B where P is a polynomial ring over A and P';fE"

. - S
> €tale. Then by 4.17, the etale case of 5.3, and 3.1 we _have.




5.3

;DP/!A®PB > "-];'DB/A

\¥4 V
Dp /p®pP — > clg/p

hich proves the assertion.

(<==) The spectral sequence 3.7 degenerates yielding

pt(B/A,M) = O for all B modules M . By 3.12 all A-algebra

extensions of B by an ideal of square zero split hence B 1s

M

. N s e et et oy

L e

smooth over A by SGA, 1960-61, III, 2-3. If also D 0,

e S

B/A ~

then B 1is etale over A . Q.E.D.

We now wish to give a reasonably 'geometric example where

IH‘B/A)% 0. The following results from 4.17 and 3.14.

Proposition 5.4: Suppose that A - P - B 1s a factorization
of A - B where P 1s a polynomial ring over A and P - B 1s

surjective with kernel I . Then

Dq(B/A,M) ~ Dq(B/P,M) 9> 2

and there is an exact sequence

2
0 - Dl(B/A,M) - I/I ®pM - DP/A®PM ~ Dp /p®pM = O

tnd simi#fadx assertions hold for cohomology.

FExample 5.5: Suppose that k 1s an algebraically closed

;_field and that R 1is the coordinate ring of the curve x - t3

y"-:tll-, Z=t5

J

Then R 1is an integral domain finitely



5.4
;cnerated over kK . We show that Dl(R/k) £ 0 .

R = P/T where
re k[X,Y,2] and I = (Y2.xz,yz.x3

r
»Z2 =XY) . The element vy

nave the exact sSequence

2 5
1(R/k) - 1/1 Pp/k®pR = Dy /x = O

arid & short calculation shoys that

7 as asserted,

tdeal in P such that I° 1s not Primary; in fact Ims = 1/1(2)

2 :
where 41( ) 1s the I Primary component of I° :



chapter II. The fundamental spectral sequence

In order to calculate Dy(B/A,M) one is reduced by 4.17
.o the case where B = A/I , I an ideal in A . In this case
¢here 1s a spectral sequence which relates these groups to
Thr*(B M) , which is more easily computable. In this chapter

we derive this spectral sequence and give some of its applications.



56. construction of the spectral sequence

ve retain the notations of the preceding chapter except that

.rptain rings will not be commutative, but skew-commutative with

cnect TO a canonical grading.

]
e

let P be a free simplicial.A;algebra resolution of B .
== .

P®,B is a simplicial augmented B-algebra. If J =

~en Q=

?**'P@ﬁB - B 1is the augmentation ideal, then

(;*.l) . Q,DJDJQD-.-

tr o filtration of Q by simplicial ideals. By means of the
chuffle operation ® ([HA], II; p.6.5, (6)), Q with dif-

crential d = Z(-—l)idi becomes a skew-commutative differential

-raded ring and 6.1 is a filtration of Q by differential graded

ideals. Consequently we obtain a spectral sequence of algebras
S e g T e e e A e L oo

where

T 2 - q/ q;l r, rog o
(f.2)  Ej, = Hp+q(J /J2T) 5, dn: Eog ~ Ep-r,qtr-1

and lgnoring for the moment questions of convergence, whose

“vutment is Hy(Q) ~ Tory(B,B) . As P is free over A, Q

.7 free over B hence there is an isomorphism of graded simpli-

“ial algebras

{u_3) - B 2 q,/-+0+1
eqsq(J/J ) qu /J

*liore the left side is the symmetric algebra functor over B

T'pPlied dimension-wise to the simplicial B module J/J2 .

"“PElying 5.4 dimension-wise to the maps cA - P - cB we obtain



6.2
‘iSOmorphisms of éimpiicial B modules

/ 2 s
&) J/J7 = Dp/p@pB = LDy

We now turn to the convergence of this spectral sequence,

Lemma 6.5: Suppose that Q is a projective augmented sim-
; 1t-ial B algebra with augmentation ideal J . TIf HO(J) = 0
cnen Hk(Jn) = 0 Tfor k< n.

3

A more general form of this lemma will be proved in 8.8. An

n.ternative proof of 6.5 in outline is as follows. The arguments

o[ ], ™ are very general and show that it is sufficient to

rirove 6.5 when Q = SPX and X = K(B,1)¥ where K(B,1) =

Eiﬁ&l)/BA(l) 1s the simplicial B module whose normalization is
;fhc complex with B in dimension 1 and O elsewhere. In this

- 7ite one may apply known results on the connectivity of the sym-

—- W .

S viric algebra functor [ ], in particular the following which will
‘1 proved in 7T.32.

Lemma: Suppose that X i1s a flat simplicial B module with
oK) = O . Then _




we therefore have

Theorem 6.8: ~
- .':.[.f B®AB = B, then there isg

a firSt u
. apectral seguence duadrant

2
Pq = Fp+q(SeiPp/p) ==> Tor +q (B,B)

o bigraded algebras, Skew-commutative for the total degr
ee,

Picture of s

—cture of spectral sequence:

1Q
et e e
o,
"—-ﬁ-—-___-

o e
“-[



i
¥ 2

Edge homomorphisms

.9) \Torﬁ(B,B) - D_(B/A) . n>o0

.10) /\ﬁDl(B/A) - To A(B:B)

Tn

Low dimensional isomorphisms

. 11)

.12)

i

. S
| Tor§<B,B) = D3(B/A) —> /D) (B/A) = Tord(8,B) = D, (B/A) - 0 |

.-I-i""'

6.10 is the unique graded B-algebra morphism extending the
r-omorphism 6. 11.

T ” .
‘hen B = A/I where I is an 1deal in A the hypothesis or

e

.& ho ‘ ' :
10lds and in this case we may avail ourselves of the isoror-

siem \
) Dy (B/4) = lor 1;,( B_;-f%}--; I/ 12 - -

r | _ B |
ewrite the edge homomorphi§m46f10 ﬁn the iorm :

14

St

AN

osition 6.15: The edSE”ﬁDqugzphism:(6 9) annlhllaues
COmposab]_e el ements__. of - To f;(B,B): e

- —mlla




6.5
A _ N | :
proof: For n > 0 Tor (B,B) = Hn(Q) ~ Hn(J) . If a € Tor

., 5 ¢ 1is represented by x ¢ Jp and B8 ¢ TOI;q d~”> 0 is repre-

~sented By ¥ € J, 5, then o-. B € Tor,,q 1s represented by
2

L (x3y) € Jp+q » Where p: QgQ - Q 1is the multiplication. But

oy edfe homomorphism 6.9 1s induced by g - J/J2 , hence the

rope of @B An Do, (B/A) is zero. Q.E.D.

If M is a B module then as J% and J/32 are projective

~.mplicial B modules

It is €asy to verify that this spectral Séquence has the

- ilowing Properties:

=dfe homomorphisms:
A | o
Tor (B,M) - D_(B/A,M) n>o

/\EDl (B/A)@BM - Torﬁ(B,Mv)



jow-dimensional isomorphisms:

p_ (B/A,M) = O D, (B/A,M) = Tor*;_‘(B,M) ~ D, (B/A)@,M

(-term exact seguence:

T"*Fg(B:M) - D3(B/A;M)' --/\2Dl (B/A)@BM wt TOI'S(B,M) - D2 (B/A,M) -

a:4 thet Tori(B,B)Torf_(B,M) = Tori(B,M) 1s annihilated by the

-t~ homomorphism.

Remark 6.17: The condition B®AB = B 1is necessary as is

-hown by the example 5.5 where B is flat over A ang D, (B/A) # 0.

Remark 6.18: The spectral sequences 5.8 and 6.16 are functor-

:x1 in the triple A,B,M since the only choice made in their con.

~lruction was the free A-algebra resolution P of B which is

L.ren

i L0 be unique and functorial in A,B using 2.11.



§7 . Homology of the Smetric 'alg ebra

1 order to use the spectral sequence 5.8 it is necessary
- have results relating the homology of the é‘ymmetric algebra of
. gimplicial module with the homology of the module. In this
Lather long section we collect the results that we need. They
include a connectivity assertion (7.3), calculation of the first
. -n-vanishing homology groups (7.27), and a calculation in the
-anc where the ground ring is of characteristic zero (7.43). The
eyrmetric algebra functor is closely connected with Eilenberg-

Krclane spaces in topology and at the end of this section we

~itline this connection.

7.1. Let F Dbe a functor defined on the category of ring-
rodules (B,M) consisting of a ring B and a B module M

and having values in an abelian category A . The functors we

have in mind are the symmetric algebra S ,@the exterior algebra

| f\, t:he divided power algebra I' &as well as any of tensor pro-

t‘?:u*‘i‘lt.s bu_:"_L_.:L_t up from homogeneous components of these functors..

tr
4

R 1s a simplicial ring and X 1is a simplicial R module,
.-.-t-?;f'r &pplying F  dimension-wise to X we obtaln a simplicial
1*‘(R X) For the most part R will be fixed and we

# ._‘rite smply F(X) when there is no possibility of con-

Il_'*._euft-derlved functor LF of F 1s defined by LF(X) =

wnere P =X ‘1s a projective resolution of X . The

._._T.—-

"QP_.Y ty‘pe of . the simplicial object IF(X) is independent

f—r == =

- '

© the

choice of P and IF is & functor from Ho(l_d to_




ne categor Wos_{l_ whose objects are the same as

—_ el
»~motopy classes of maps for morphisms. The map P -y Blves:
:_-:h *_’MM

—~——=t1CCted ir
Hq(x) =0 for gq< k. |

Proposition 7. 3: If f: X v is a k-

equivalence 80 ig¢
LF(r) .

Proof:

We may assume X and Y are

free simplicial R
modules and drop the L . By "attaching celilg"

to X we wil}
"OW construct a free map X - X!

which is an isomorphism 4in
£k + 1 such that Hq‘(X'

-+8 a simplicial set, let

dimensions ) =0 for g>k. Ir :

forgetful

unct -
“tor My -~ s (sets)). Let @y € H .4 (X)
c

Hk+l (X) as an Ho (X) modu.le and choose a represents’ -
-'.1 ~ Nk+l(X) for Q'.i . Here N(x)

Hlex of x . Let U;: RA(K+2) = X be the unique simplicial ¥

l . »
© map sending djld[k+2]

be elements which

1s the normalized chain o=

~edy to x; for j=0 and 0 fer

Aol ke Define X ﬂX(l) by a co-cartesian diagrar

- &, RA (k+2)

lZui
V

K (1)

> ©;RA (k+2)



W
#
Ls!

~e map X = x(l) ie an isomorphism in dimension < k + 1 .

. ~okernel of both horizontal méps of this square are
. %(k+2)/RA"(k+2) whose homology 1is a free HyR module on
-*;qerators of dimension k + 2 corresponding to the element, o
20!

(see [HA]}, II, p.6.11, assertion A). The long exact sequen. -

., homology for the exact sequence containing X - X(l) i the:
- 8 - (1)y 2 0 -
eIHO(R) Hk+l(x) Hk+1(x ) = 0 - ...

py construction & 1is surjective hence Hk+l(){(1)) = 0 ., gep,.n;
ing this construction we obtain free maps X(n) - X(n+l) which

arc isomorphisms in dimension < k + n + 1 such that H (X(n"l)) -
(¢ for k<ag< k+n+1 . Then g: X = X' = 1%m{X-*Xn)] i

n free map with Hq(X') = 0 for g > kX which is an isomorphirsr

in dimensions €< k .

Form a co-cartesian diagram

X L > v
{7 14) 'y g'
*X; 7£—=_' '} Y—r

%2 note that g' 4is an isomorphism in dimension < k + 1
“ince g is.

Constructing a map. Y' =YY" which is an isomorphism in
ﬁ‘:'ﬂension_ < k +l and’HaS"Ho(Ylf):_o T O_I; q > k , and re-

i » £ az
where the vervst

Placing y' by Y we . obtain a diagram (7.4)



T.4

nps are Ifree and isomorphisms in dimensions < k + 3 ana

:(xu_)=Hq(Y')=0 for q > k .

g |
If £ 1is a k-equivalence, then as g,g' are so is 3

~ug f' 1s a weak equivalence, hence a homotopy €quivalence
4;“.4 A

:‘ince X and Y’ are Iree. Thus F(g),F(f' ),F(g’ ) are

-sulvalences so F(f) 1is. Q.E.D.

Corollary 7.5: If X 1is k-connected so is LF(X) .

P gaeinive Ay At

7.6. For simplicial objects in an abelian category A the
.-+h homology functor HO: s8A - A is left adjoint to the functor

-. A= sA . This also holds for more general categories, such
— a—— e e et e ettt e

st categories of universal algebras having an underlying abelian
sroup law, and in particular W
Hence given a simpliclal ring and module '(R,X) » the canonical
ndjunction map (R,X) - (cHOR,cHOX) gilves rise to a map F(R,i) -

'-‘?(HOR,HO}{) and hence to a canonical map
L/ _"() HO (F (R,X) ) - F(HOR’HOX)

»+ shall say that ¥ 1s right exact if this map is always an
Eﬂﬁmorphif.sm. F=35/\, and T are all right exact because they
-Tv left adjoint functors. For example if F = S we have

H R

0 _
HomH OR—alg(S (HOX)’A) - HomI-IOR-mod (Hox’ A)

Hom,, (X,cA) = Hom (s, ca)

Mp s-R-alg

it

HomHOR_alg(HO(SRX),A) .



7.5
7.8. If (B,M) is a ring-module let LqF(B,M) = Hq(;F(B,M)).

F is right exact clearly

-
k-
*

L.F(B,M) = F(B,M)
Proposition 7.9: There is a spectral sequence
=R, e R Euuthatnbadn

2 —
"og = FplLF) (R X)) => H_, (1P (R,X))

which when F 1is right exact has the edge homomorphism
s e —_—\\__‘

(7.10) H, (LF(R,X)) = E__ = H_{F(R,X)]

whilch is the map on homology induced by <the canonical map LF(X) -
(X)) . '

Proof:

This spectral Ségquence 1s similar to the Kunneth

rpectral sequence th.5(b) of [HA], IT and is constructed in pretty

=

"4ch the same way. We construct an exact sequence in My

(f.ll) -t P(E) —*P(l) ""P(O) - X ~ 0

'Y recursion letting X =X , P - . be a free. lu-
’ ‘ ) (@) T *(q) Pe & free resolu-

{

-ion of X and X = Ker P ~ X, yaoLete Qo=
B (q) (q+1) (@) 7 M) et By =
e L e e
ﬂ.){P( )} be the simplicial obJect in MR obtggngdﬁpy;aggfﬁzggi¥

= P |
“(x) = PnP(tn)
| Lﬁf} )
"¢ N runs over all surjective monotone.maps with ‘source’ [P]
ih3

From this we see that (i) Q(k)*ls affreej-



7.6
_.ayle and (ii) the inclusion P(o) - Q(k) , coming from 1 =

[k] = [0] , is a homotopy equivalence. Indeed Dy

-

. 1 ae map -

.. gtruction H(P(k)) = 0 for k > O hence P(h) 1s contractible,

. ider the bisimplicial abelian group X = F(R
Now consi P &1oup pq \ q’Q(p)q)

+ (nhe two associated spectral sequences having the homology of

..

v1,~ dlagonal simplicial abelian group Knn for common abutment |

.~ [ ] Satz. 2.15 or [ ]). Using the property (ii) we have

| R t: "-—’f‘L'L'f

H:;(Kp.) = HqF(R,P(O))

.. r all p hence

hoy .. . O, p>0
Hqu(K..) =
HqF(R,P(O))J p=0
hwurn the spectral sequence with this as E2 degenerates showing

i::t the map F(R,P(o)) - AK is a weak equivalence. For fixed
' , the exactness of 7.11 together with property (i) imply that

‘‘.)p 1s a free simplicial R, module resolution of X , hence

h
'Hq(K.m) = (LqF)(Rm,xm) and

K..) = Hp{(LqF)(R,x)} ==> H q(AK)

Pt

et . _ o
- +h<hf thls spectral sequence with the weak equivalence

;ngi;iﬁrF(R,P(o)) - AK we obtain the desired spectral sequence

——— e = — - e et E— - Tr—— —-- - - - -

- o
Y

{

rémains to note that the edge homdmorphism. Hn(AKJ -

gy s = s = = L ——— -

b
| L"L

- inéﬁcédby-the map AK ~+H2(K..) = F(R,X) which when

—_— - = - .

TE__Tem ol
et r}_a‘_',‘_j

A8
(J

- .
- -

— —rr - — -
-- - [

2d with F(R,'P(O)) ~ AK gives the map F(R, P(0)) - F(R,X),



oo

7.7

. - gltérnatively the natural map LF(R,X) - F(R,X) This proves

,.» assertion about the edge

t
?

homomorphism so completes the proof

Corollary 7.12: If F is right exact ang L F(R,X) =
q J

rrr @2 0, then LF(R,X) - F(R,X) is a weak equivalence.

Progosition 7.13: Suppose that Ifiltered inductive limits in
M

:u=target abelian category A of F are exact and that F
] . o . T

commutes with filtered inductive limits. Then if M i1 €1
: i ’

b ¥
fo
H
|..I
-
ct
(D
=
(D
£,
'.J
.
oF
-
()
t
Lo
.
0,
)]
<
€2
ct
(D
=
O
’_',J
td
=
O
L
-
et
{0,
in

Proof: Let C(M)

EﬁﬁECt:tO the free B-module--underlying set pair of adjoint

?;mtors As both functors commute with filtered inductive limits

:.. C(M ) =~ C(1lim M.) hence 1lim L F(B M) = H {11m F(B,C(M,))}

i"ince filtered inductive limits are exact in A)

....-..,.. '“_' ""r"ﬂ#::.l-"m"ﬂ "‘WWH

- [F
F(B,lim C(M )} = q{F(B,c(llm Mi)} - LqF(B,llm Mi) Q.E.D.

- Corollary 7.14: If M is a flat B module satisfies the

% _

b ootheses of 7.13, then LF(B,M) =0 for g> 0 .




7.6
obtaln

Corollary 7.16: Suppose F is right exact and setisfies
+ne hypotheses of 7.13. Then if X 1is a flat R module the

cenonical homomorphism IF(R,X) = F(R,X) is a weak equivalence.

7.17. Recall that the symmetric and divided power algebras

of a B module M are commutative graded algebras

_ B, ._
SM-—-? I‘M—ngol‘ﬁM

and the exterior algebra is a graded algebra
B _ B,
A°M = nf’io AN

which 1is skew-commutative with respect to the grading. Conse-
qguently if X 1is a simplicial module over a simplicial ring R,

the bigraded algebras

A——

R R | -
Hq(sf}x) , Hy(rpx) , H(ApX) @20, n>0
are skew-commutative for the degrees u,q and n+q respectively.

7.18. Let C and. 'be the cone and suspen51on functors

=" - - = - i B e 3 i e i — N = W "
.

n Mg gvenby 0TI

X% m:;;pMJ.)/ M...,zz{o}

Xef...;.e(.f.) xe,.,_—zx,a(l)

-
- p— — - L] » -
- — - — b —_— — 1 e
e e LR '
L — T - - -

- - — iy p—

SO that there is a canoplcal EﬂaCu sequence

— ——— 11wt
- —-"



7.9
which splits in each dimension. £ induces the Suspénsion functor

(again denoted by =) on Ho(Mp) ([HA], II, p.5.5), and as CX

ic contractible 7.19 gives rise to the suspension isomorphisnm

(7.20) Hy(X) =~ H_ 4, (3X)

Proposition 7.21: There are canonical bigraded algebra iso-
morphisms T
(7.22) Hy(LAX) =~ B, (IsFsx)  qn > 0 y
(7.23) Ho(Lrpx) =8, (LX)  qn o0 x

which reduce to the suspension isomorphism 7.20 when n = 1.

Moreover
(7.24) H (LSp2X) =0 0< q<n
(7.25) H (LASX) =0 0<q<n

Before proving this we deduce some corollaries. Recall that

»/A\y, and T are left adjoint functors, hence right exact (7.7)

and there are canonical 1somorphisms of graded algebras

H, (LS7X) =~ 5,.° (H X)

(7.26) HO(;AIIZ'X) :/\ioR(Hox)
H R

H (LX) ~ T, (H_X)



7.10

and there are canonical graded algebra isomorphisms
H R
0
7.28) Np (HX) ~ H_(LsFx)
H R
o
7.29) o 1) = i (A

Proof: As HX =0, X is isomorphic in HO(_I‘:JR) to XY

for some Y by [HA], II, %5, prop. 1l
the proposition using 7.25

Hy

. The corollary follows T'rom

and the suspension 1somorphism
\ F a4
V § HOY .

In a similar way one may prove

Corollarz 7T .30 If HX =HX =0

q'=
and there is a canonical graded algebra isomorphism
——————————————————=——— ©790°C algebra isomorphism
H R
O R
(7.31) I'p” (EX) ~ H, (LS. X)
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7.3%. Proof of the proposition: If M is a B module

jet d be the Koszul differential on the bigraded algebra

/\1M®S M q,n >0 where ® /\, and S are taken over B . d
is the unique endomorphism of this bigraded algebra which is a

skew-derivation with respect to the exterior degree q and is

such that d(m®1) = 1gm , d(igm) = If M is a flat B

rodule, then

(7.35) ... 8 /\2M®SM /\1M®SM SM - 0 -

* ® @

is a flat differential graded skew-commutative algebra which is

a resolution of B considered as an SM algebra via the

mentation SM - B . In effect one reduces by Lazard to the case

wiere M is a finitely generated free B module, then to M = B

by the Xunneth formuia, in which case the fact that 7.35 is &

resolution is clear.

Ir

‘L an exact sequence of flat B modules, we may define a giffer-

_i?n;ti&l:- d . on the bigraded algebra

/\qN'®S M by requiring it
';'.-"___: -_- sken-derlvatlon With respect to the exterior degree

Q
:’“‘ 3 hat d(m'ﬁl) 1®im' , d(i&m) =

. Then

“- Tlat dlf;erentlal graded skew-commutative algebra which i

“““cIﬁtlon of‘ -SM" considered as an SM algebra Vila Sj: SM -

- In effect we may assume < M"

—— ey, = = B ——

Iree by Lazard in which case

-



7.12

M~M®&M so07.36 is the tensor product (A.M'@SM')®SM" , which

by Kunneth has homology SM" in dimension O .

To prove the proposition Wwe may assume that X is a free

simplicial R module angd drop the L . Applying the sequence

7.35 dimension-wise to the éxact sequence 7.19 we obtain exact

sequences

( 0~ AX = ... A1X8eS) 10X = s7cx = shex o o

of R modules. Using the fact that (X 18 contractible we obtain

canonical isomorphisms

n ——

(7.38) ' Hq(sﬁzx) ~ Hq_n(/\RX) g > n

bQ are algebra spectral sequences. But as 7.37 is

€Xact and CX is contractible both spectral sequence collépse

Ylelding algebra isomorphisms

() 2 B @) 2 (AR

Whose composition is noching but 7.38. Thus 7.38 ig an algebra



7.36 is replaced by

(7.39) ~ Mo ST MeAr $ Ax - o

" & @

vhere d is the unique endomorphism of TI'M'® AM which is a

skevw-derivation for the exterior degree and is such that

d('yk(m' J®1) = 'Yk_l(m' )@im' d(lem) = 0 . Q.E.D.

Ccrcllarx'T.MO: If X is k-connected and n > 0 , then

IS5, X 1is 2(n-1)+k connected kK > 1
Ry | _
;ﬁb. is (n-1)+k connecteg k> 1

LIX is  k connected  k » 0 .

Proof: The last assertion follows I'rom 7.3, and the first two

may be deduced from the last setting X = 3y and using the pro

POosition.

Remark.?.#l: Ihe connectiv1ty assertlons 7.40 are the best

———maa

POSsible in eneral . 3
g __Ln *h&raeterlst;c zero (i when R is g

S
imp11c1a1 Q aigebra), then F me_ hence iteratlng the propo-

..—-\.F—-\Hl-ﬁ-"-l'-"

- L
3

Sition one finds that 11 fﬁJ 3 K-l connected then LJW X and

LunX_ are nk-1 connected

I T [ —_ - A —— == - .
Lo

- . - —_— = - T E———— w1 T — e -

g -_—— P — e - ——— PR — L —— =

—-— e m  —

7.42, 1In characterlstlc zero the homologlcal propertles of

- ——

the '
Symmetric algebra arx re aimpler because S, 1is a canonical
s 1

e = e s =
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jirect summand of the n-fold tensoy: product.

is & graded skew-commutative ring le| g

For example, if U

be the (skew-

commutative) symmetric algebra funutnr, that is. the left adjoint
2

of the forgetful functor from skew. UOmmutative graded U-algebras

to graded U-modules., Then .

Proposition 7.43: Suppose tha{ g 18 & simplicial ring of

characteristic zero (i.e. ¢Q < R) 8hd that X 41g fla.t simpli-
cial R-module such that HX 4is a Flat HR module. Then there
is a canonical l1somorphism of bi-grnqed

gﬁR(HX) ~ H(Sﬁx)

HR algebras

Proof: ILet T = $Tn

modules and let T = e’i‘n
ring-modules. The symmetric group

- Tn -in the obvious way and on Tn- W 4 + e

rule, and the shuffle map ® inducs, a s

chain complexes

(7.44) TX - TR

As X 1is R-flat and HX 1is HR Plag the Kunne th spectral se-

quences show that 7.53 gives rise t,,

Zn €Quivariant ilsomorphisms

TR (HX) = H(TX) w H(TRX) |

~in general the largest I -invypg, qQuotient of T

(res.T - 1is E resp. S a
p n) n ( P n) nd 1n characteristic zero the



.15

symmetrization operator['§%~ §?5~ allows us to canonically iden-
i U ﬁ)

tity this quotient as a direct summand of T, (resp. T ). As

homology commutes with direct sums we obtain isomorphisms

o HR R.,
S (HX) =~ H(Sn.h.)

and 1t is easily seen that these isomorphisms are compatible with

the algebra structures. Q.E.D.

Remark 7.45: This proposition enables one to compute H(SRX)
in terms of HX when R is ¢k and k is a field of charac..
teristic zero. There is a more complicated formula if k isg of
characteristic p which we now briefly describe. This formula
1s based on the Dold-Thom theorem which in its simplicial form

asserts that if X is a reducegd simplicial set then
(7.46) SP™X = ZX

ls a weak homotopy equivalence of simplicial sets, where SP° X
(resp. ZX) is the free abelian monoig (resp. group) generated
by X with the basepoint put equal to the identipy3u_%pplyipg_

b

¢the B module functor to both sides of7;46'weubbtainﬁanfigoflg--_-

(7 .47) H(SP(BX)) ~ H, (Z%,B)

,,,,,

TGPy
Of the generallze Eilenberg-Maclane space ZE( w1th coef¢lc;entg

where BX = BX/B,. and where the right side aenotes the hemo

in B . In particular if = A(n)/o(n) , then |



(7.48) H(s®K(B,n)) = He(K(Z, 7),B)

where K(B,n) 1is the simplicial B module whose normalization
is the complex with B 1located in dimension n and zero else-
where. Now Cartan [ ] has given a formula for the right side of
7.48 when B = ZApZ which may be used by the Kunneth theorem

to calculate H(SPX) when B is any field.

7.49, PFinally we want to point out that the convergence ‘
theorem 8.8 can be used to give a proof of the Dold-Thom theorem
(7.46). As this is a map of connected H-spaces it suffices to
prove that 7.46 induces a map on homology ([ 1, 1959-60, p.16-08)
that is, thaet = (sP°X) - Z (BX) is a weak equivalence. Filter-

ing both sides by'powers of Thte augmentation ideal we obtain a

map of spectral sequences with the same E' term. But the
augmentation ideals of both rings are regular so 8.8 implies
these spectral sequences converge and hence the map is a weak

equivalence.



$8. Regular ideals and the convergenCe theorem

Let I be an ideal in a ring A and let B = A/I . Let

P be a flat differential graded or simplicial A-algebra resolution

of B . Filtering P by I"P n > 0 we obtain a spectral se-

quence of algebras whose El term
(8.1) ' Hq(ng:EP) - Torg(s,xn/znﬂ)

ls a bigraded B-algebra anti-commutative for the homology degree

q and whose first differential

(8-2) d: Torg(B,In/In-*—l) — Torg_l(B,In+1/In+2)
is a derivation of this algebra. It is clear that this differen—

tlal bigraded B-alpebra structure on Tori‘(B,griIeA) 1s independent

of the choice of the resolution P

For q=1,n= 0 the differential d yields isomorphisms
Tori(B,B) ¥ Tor’(s,1/1%) ~ 1/1°

which extend naturzlly to a canonical homomorphism of differential

blgraded B-algebrea:

' D
(8.3) Og.n /-E(I,/Iz)@ssn(I/I ) - 'I‘org(B,In/In"'l)

Where ®,/\,S are over B and where the left side of 8.3 is

endowed with the ¥-s»ul differential (7.34)-

Definition 8.1, I is said to be guasi-regular (resp.

fegular) if I/Ie is a flat (resp. projective) B module and

Lf the canonical NED



8.0

2 A
: - B > 0
Bq,o /\q(I/I ) Torq(B, ) Q2

is an lsomorphism.

Example: Suppose M 1s a flat B module, A = SM , and
I=2S5 <M. Then we may take P to be the Koszul complex angi
we find that I 1s quasi-regular and regular iff M 1s proje..

tive.

Proposition 8.5: If I 1is quasi-regular, then 6 = {eqn}

is an isomorphism. In particular

s_(1/1°) = 1%/1°H

Proof: To simplify notation let N = I/12 and Tq(') =
Torg(B, .) . We shall prove by induction on m , the following

assertions

A : SN Tk /pk+l

" for k< m

k-l)

B_: Tq(A/Ik) ~ T (8/1 is the O map for k<m , q5 o .

Note first that as N is flat, 4, implies that /5L el

kK <m 1is flat B module, hence Tor (B 1 / Kﬂ') Tor (B B) ®

it

x . ¥
:'--Il. :1-""1- ——— -h— J-' -_—

(Ik/Ik+l) ~ /\ ‘\T@\:k o "‘husﬁ A J.mplles that ©

a, k 1s an iso-
,

. -
_"--.. - - ' ___I__.- ...ut——-_

morphism for k < m—-—«=—----.--—--—u__.,==w
AO:B are 'url\?’j.a.l

AnsBy = > Bm+l_, Letam ue ﬁne bounda'r'y operator for the T

[F— am_ - = b =
—— e - —"

long exact sequence aSSOC1ated to

B —

-
R -
— = o —— w1
o e . —— - e Sl—— L —m—

— L o e el = o m R — - el — . B

o ) n-l mim _Jm';'-_' m-1
(8.6) 0= T /I —> A/I —> A/T -0

a—
— =



Tq-l—:? (A/Im_l) - Tq+l (A/Im)
(im_l)*\ (i) (Opey )
-2, m- a -
T 4o (T772/17 1) > T (T 4 T (/171
N
:
L(8.7) q+2 ,m-2 eq+l,m-l leq,m
: a l
Ng42N8S SN > Agg1¥8S N > /\chgsmN

The bottom row is exact since N is flat (see 7.35). A implies
that the & maps are isomorphisms, hence the middle row is exact.
By B (im)* 1s surjective. Suppose x € Im{Tq+l(A/Im+l) -
'Tqﬂ(A/Im)} , that is (3, ..)y x =0 . If x = (1,)+7 » then

dy = 0 s0 y =dz . Then x = (im)* am(im—l)* y =0, and as

X 1s arbitrary Tq+l(A/’Im+l) - Tq(A/Im) is O , and we have

By B (lm l)* and (1), are surjective angd ESm is in-
Jective, But (BIH"i‘l)* Tl (A/Im) ~ TO (Im/Im+l) ~ Im/Im+l

bottom row and as 65 o and el,m-—l are isomorphisms by AL 15



8.4
Thus A~ is true for all m and 8.5 is proved. Moreover

as the diagram 8.7 is functorial in the pair A,I we obtain_from

the proof of 8.5 the following.

Proposition 8.7: If I is quasli-regular there are exact
sequences

where N = I/I

Convergence theorem 8.3. Iet R be a simplicial ring and

'Jd be a simplicial ideal in R such that Hb(J) =

If Jq
‘1s quasi-regular in Rq for each q , then Hk(Jn)= O for
K<n.
- Proof: We use induction on n , the case n =1 being a

hypothesis. Cons

(8.9) 0 = Tors (R/J,3P) - I d" - gt L g
8. 2 Reqs iy __ L n
(8.10) qu }&){Torq(J,J )} ==> H_, (I8, J7)

“nd where 8.12 follows irom.B 7, thef‘ft;gf*j;‘ff*??*-

N = J/J' As N is a quotlent of J ‘ we h’ave H TN) =0 ,

°S N is flat over ;S N~ S N' by*? 10 hnd 50 SkN -1s

s " hence



8.5
(k-1)-connected by 7.5. Similarly AN is (k-1)-connected.
: - o L ,
Again by Ilatness of N /\qN@SkN = /\qNQoSkN , SO AqN®SkN is
(g+k-1)-connected by ihe Kunneth spectral sequence analogous to

6.11. From 8.12 one therefore finds that

Tort (R/J,J7) if g> 1

: q-1
TorR(R/J,R/Jn) =
d R 19\ .
Torq_g(J,J ) if g > 2
is (g+n-2)-connected. Hence qu =0 for >0, p« g+n in

8.10. By induction hypothesis J° is (n—l)-conriected so by G.11

L
J@RJn 1s n-connected. Thus 8.10 shows that J®RJn 1s n-connected.

whence by 8.9 and the fact that Tori{(R/J,Jn) is (n+1)-connected,

we see that Jn+l 1s n-connected which completes the induction.

Q.E.D.

For noetherian rings there is a8 close relation between recu -

lar ideals and ideals generated by regular sequences.

Pronosition 8.13: I A 1is noetherian the following con-

ditions are equivalent:
®L I is regular
@ I 1is quasi-regular
I/I2 1s a projective B module and /\2(I/I2) _

—
Torg(B,B) 1s surjective.

@ I/I2 18 a projective B module and S('I/IE) = ngA .

@ For each maximal ideal p "in A containing I , the

S




8.6

- Proof: (i) <==> (ii) I/12 is a finitely presented B

module, hence 1t 1s flat iff projective iff locally free.

As Tor's,/\,S,gr are all compatible with localization we
may suppose that A 1is a local noetherian ring and that I 1is
contained in the maximal ideal of A . (i) ==> (iii) is obvious.

(v) ==> (1i). Let I = {fl,...,fn] be a regular sequence generat-

ing I . Then the Koszul complex K(g;A) 1s a free differential
graded algebra resolution of B over A . Hence
A

Tory(B,B) ~ Hy(£;B) = AH, (£;B)
and

I/nIe ~ Tor‘il(B,B) ~ Hl(_i_"._;B) ~ B"
Thus I 1is regular.

(iii) ==> (v). Let I = {fl""’fn} be a minimal system
of generators for I . The Koszul complex K(f;A) is a free
differential graded algebra over A with an augmentation to

A/I = B , hence there-is & canonical homomorphism of graded B

algebras

8x: Hy(£;B) ~ Tori(B,B)
This homomorphism is an edge homomorphism in the speciral seauence-

- A . — .
pq = Torp(H (£54),B) => H__ (£;3)

Whose five term exact sequence is
' 82 A °1 A
Hy(£5B) —> Tor,(B,B) - H, (f;A)®,B - H,(f;B) —> Tor



8.7

As I/12 is free over B , 64 is an isomorphism. The isomor-
phism H,(f;B) ® A®H,(x,B) and the fact that © 1is an algebra
homomorphism show that 6, is isomorphic to the map /\21/"12 -
Torg(B,B) which is surjective by hypothesis. Hence Hl(;:,A)@AB =

0 so by Nakyama Hl(f;A) = 0 and so f,,...,f

n is a regular

sequence ([ ], IV, prop.3).
(iv) <==> (v). See EGA, 0 IV, 15.1.11,



§9. Some applications of the spectral sequence.

In this section we give applications of the fundamental
spectral sequence 6.8 of the vanishing or mod-C theory type.

9.1. If B =S 1A » then Be@,B = B so the spectral eequence
6.8 may be applied. By 7.5, Egl D ,1(B/A) = 0 for p < n ==
qu = 0 for p<n, q> 1, and hence as Tor+(B,B) = 0 ==

D .,(B/A) = 0 . Thus by induction we find that D, (B/A) =
which gives an alternative proof of 5.1.

Proposition 9.2: If A is noetherian and B is a locali-

S — T e e
¢ ettt et

zation of a finite type A-algebra, then Dq(B/A) is a finitely

“_‘H

generated B module for each g . Consequently if M is a
finitg;generated . B module, so are Dq(B/A,M) and Dq(B/A,M)

Proof: The second statement follows from the first by means

of the speetral sequences 3.6, 3.7 and the fact that B 1is
noetherian. The first statement reduces by 5.2 to the case where
B is a finite type A algebra. Choosing a polynomial ring P
over A with flnltely'many'generatorb mapplng onto B. we are

then reduced by 4.17 to the case where A P_; .*__in whlch ‘case
B =

g
.-—-__

A/T and we can apply the spectra" sequenc*e_;-._ ‘Ihe ahutm...nt

. ——

. -.r — At —1... -|-l..,-.- . -
- f F # -#’" F--- s ..,q._ - ..
___-. H""— B el

s a finitely generated B module J_n eeoh dlmenSJ.on, hence WOork-
Ing modulo the class of finitely genera‘ced B "deUleS _':Lnd_the

Spectral sequence, it suffices to show thet Dk(B/A) 1;Lnit61y.

g e e ]

€enerated for k < n ==> Hp(sq_ B/A) flnljce generated for.. p

But if a complex X of projective - B- modules, such as 1D

B/A ?

has finitely generated nomology in dimensions < n-h, 1t 1s homotopy



9.2

equivalent to a complex F of free B modules which is finite

type in dimensions < n . In effect construct inductively a

g-equivalence F(q) = X by attaching q-dimensional generators
to F(q"l) to obtain a (q-l)—equivalence F(q'l) ' X which is
surjective on Hq » then add (q+l)-dimensional generators to

F(q"l)’ to obtain a q-equivalence F(q) - X . If F(q-l) and

HqX are finitely génerated, we may assume F(Q) 1s also as B
1s noetherian; hence setting F = 1lin F(n) we obtain a weak

equivalence F = X , where in dimensions < n y F = F(n) is

finitely generated. As X is Projective F - X 1isg g homotopy
equlvalence. This shows that up to simplicial homotopy we may

replace -—LDB/A by a free simplicial B module N"lF which is
finitely generated in dimensions < n, - Hence Esq = Hp (Sq=LDB/A) ~
H (SqN' F) 1is finitely generated for P <n and the proof of

9.2 is complete. Q.E.D.

Remark 9.3: For a different proot of 5.2 see [ ], prop.17.2.

That proof yields the stronger result that when B 1is a finite
type A-algebra and A is noetherian, there is = free simplicial

- A-algebra resolution P of B with only' finitely many generators

in each dimension.

Theorem 9.4. (Nilpotent Extension Theorem) Suppose that




ring over A . Let I = Kernel of P = B and set P = p/17"!

We are going to show that for n

surficiently large we may take
__—_-_-—_—-—._—__—_—-— .
B! = Pn . First note that

DY(P_/P,M) = Dq(Pn/A,M)

DY(A_/A,M) = H‘?‘(chnAn (ID, /p.M))
n

= Hq(HomB (__l;DAn/AGAnB,M) )

9.6. We shall say that an inverse system

is a strict-essentiallz-zero inverse system if there is- an

integer N such that I% - Mm is 0 for n >2m+N . It is

Clear that the strict-essentially-zero inverse systems Tform a

thick subcategory and are preserveg by additive functors. Hence



0.4

in virtue of the spectral sequence 9.5, theorem 9.4 will follow

from

Theorem 9.7: Suppose A 1s a noetherian ring, I is an

___-__—

ideal in A , A = A/I?D | &and B= A . Then for each q the
e ——— — e —— T, N

inverse system H (LDA /A®A B) 1is strict- -essentially-zero.
ww

In virtue of the inverse system of spectral sequences

which results from 0.16, it suffices to prove the following two

lemmas.

Lemma 9.8: If £~ 1s an inverse system in Ho (Mp) such
that H, (X, ) 1is strict-essentially-zero for k < r, then

Hk(;SEXn) is strict—essen'tially-zero for k< r and q > O

Lemma 9.9: If M is a finitely generated A module, then

the inverse system Torg(An,M) 1s essentially zero for q > 0 .

Proof of 9.8: By & step-by-step construction we may repre-

sgntmthe inverse system X in Ho (M ) by an inverse system
_:1ﬁ ﬁE§ of free 31mpllc1al R modules which we denote agailn by
“‘n -Let X L= X (f O) be the Postnikov quotient of X ~with
ixnjwﬂ(x (.eo)  for q< £ and H, (X,(£,0)) =0 for

q>£ﬁ._. Suppase N 1s large enough so that H (X ) - H (X )

- ——— . - T - - il .

_a.szero .I.OI'_I}> .'m+N » @£ r. We show by J.nductlon_ on § that

th—e'",mép":‘f.}( = X -f_ _X (,e O) 1is homotopic to zero if n>m+ gN

9

,6< r Tnls is clear for £ =0 and if true for ¢ - 1, then



conslder the diagram

” xn
§,~" O if nd>m'+(g-1)N
k.~ v
xml(ae.!g) — Xml(EJO) > )Snr (3'1,0)
0 if m'>m+N
xm(ﬂ,ﬁ) > xm(ﬂ’o) - > xm(g‘lso) ’

&

where the rows are fibration sequences in Ho(yB)

X, (2,2) has only the homology group H ‘e(X)

and where

in dimension ¢
and hence has the property that maps of g - 3 connected com-

plexes to it are determineq by the map on homology. The diagram

completes the induction. Thus the compoéite LS X Xm -
= q n =q
O) for g> 0 and n 2 m+rN is zero in Ho(MB) Ag

the latter map 1sm1 r-equivalence by 73,

q m(r,

the former induces the
zero map on homology. Q.E.D.

Proof of 9.9:

By dlmens:Lon-shiJ. ting we may assume that q=1,

in which case choosing an exact sequence
O K <« F «M=0

with F a free I'initely generated A module we have

n
I°K




3.6

By Artin-Rees there 1s an integer N with XK n I®F c Ik for

A
n 2 m+N , hence Tor,(A ,M) - Tbr&(&m,M) 1s zero for n > m+N
Q.E.D. ,
n = h:‘\.L FU—C.--‘"‘
Corollary 9.10: Suppose A noetherian, B is a finite

type A-algebra and M is a B module. Iet T be the

~— =1

Grothendieck topology on the category of finite type A-algebras
—— T TEErey M ok TeLEeUIY O6 ILIlle Type

over B in which the covering families are single maps X = Y

-_-———'-_—_-——-_——-ﬂh—-_——-ﬂ—————_—-—_———-_._.__—_ﬂh__

which are surjective and have nilpotent kernel. Then

Wﬂ—%w“w

UB/A,M) ~ Hz (B,Der(-/A,M))

Proof: With the notations of 2.1 there is an obvious map of

topologies f: T = Tn which gives rise to a Leray spectral se-

- quence

E5% = Hp (B,R%(Der(/a,1))) ==> DP*(n/a,x)

where Rgf*(Der(-/A,M)) is the sheaf on .gh_ associated to the
presheal’ X = H%(X:DEI‘('/A:M)) = DU(X/A,M) . Theorem 9.7 thus

shows this sheaf is zero for gq > O

, hence the spectral sequence

degenerates and the corollary follows.

Remark 9.11: In generéz_forqzl -_

= _-any‘ELement u € Dt (B/A,M)
may be killed by a nllDotﬁnt-ELtaaslam eXwﬂfB g namely take X

to be the exten51on of B_”by;{ correspondlng_to u by 3.12.

- Ry - . kel SRS i SR S——

If the DY(B/A,:) ‘are derived func:ers of- D (B/A, - ) , then

- - —
- -.—-l—--.._-.-.— e aEms e Tam .

dimension shlfting wou7d pe“mlb'one ﬁmednﬂlude the same for q > 1

e R - —— —— - - y— = o ————— ey e

(and this is the C&SE;lO. roap and Lle alzﬂbrﬂ cohomology) But



(D, (B/A),M) be the element correspond-
ing to the inclusion. As the map An = A/In"':L -~ B are cofinajl
in all nilpotent extensions of B as an A-algebra, to be able to

Kill u by a nilpotent extension means that

D, (An/A,B) ~ D, (B/A)

1s zero for n large. However ag T 1s principal the 5§ ternm

exact sequence 6.12 shows that this map is isomorphic to

A A
Tor, (A ,B) = Tor,(B,B) ,

which is zero if and only if Ann.fn+l= Annhfn+2 . But it i4g

easy to produce examples of elements f in non-noetherian rings

for which the increasing sequence Amn f does not stabilize.



$10. Loéél'complete intersections
e Vb LT Le LIILEISelTions

In this section we study when the cotangent coumplex IDp /p

1s ol projective dimension < 1 . In the noetherian case we show

this is equivalent to B being a local complete intersection

over A . When A 1is a local noetherian ring with residue field

“

£ we show that A 1is regular (resp. 2 complete intersection)
| e e R

if and only if De(k/f«l) (resp. D3(k/A)) is zero. These results
R e et A “ M‘W
are not entirely new (compare [,] and [ ]), but they are rather
Nmm .;f M—_

nice corollaries of the fundamental spectral sequence.
TR e E s eve 7

10.1. If M is & B module we let K(M,q) q > O be the
simplicial B module whose normalization is the chain complex
~Mlq]l with M in dimension q and zero elsewhere. For any

(g-1)-connected simplicial B module X we have

Hom,; (M) (X,K(M,q)) =~ Homp, 5y (WX, M[q] )

~ Homg (HqX,M)
hence if B = A/I there is a canonical map
| 2
(10.2) - - IDg/y = K(1/1%,1)

which is a l-equivalence.

Iheorem 10.3: The following assertions are equivalent when

B= A/I:

I 1is quasi-regular

(::) Dq(B/A,MJ = 0 for all B .modulesnM“and9¥§ii;é5:
(EEI) I/I2 1s a 7lat B module and LDB/A‘:'K(I!IQ,l).l




- 10,2

Proof: (ii) and (iii) are equivalent by the universal co-

efficient spectral segquence 3.
(111) <==> (i1). K(I/I%,1) is homotopy equivalent to
E(c(I/IE)) , hence by 7.22

O P>0O

p.,.q(LS K(I/I y1)) = Hp(L/\ c(I/I )) =~

/\q(J/IQ) D=0
As I/I° is flat both L's may be dropped by 7.10. Therefore
assuming 10.2 is an n-equivalence n > 1 , we obtain fram 7.3

the formula

O pig<n,p >0

N Hp+q(s_§.—1.DB/A) B Hp+q(ng(I/12’l)) )

>
W e
|
.
.
—
g
il
O

© , SO qur-o for p 2> O

and the fundamental spectral sequence degenerates showing that

If (1ii) holds, then we may take n

the edge homomorphism /\(I/IE) — TorA(B,B) 1s an J)somorphism
and hence I 1is quasl-regular. If I 1s quasi-repylar ang
10.2 is an n-equivalence, then as the edge homomorphism ig an

"Ilsomo*'phlsm the only possible non-zero differential issulng rrom

n l.--‘ ......ume y d Eg,n is zero, hence En,l = Dn+l(B/A) =

0. and '50.10.2 is an (n+l)-equivalence. Thus induction yields

'--(111) _Q.E.D.

_-+-Gorollar 10.4%: The following are equivalent when B = A/T:
@ I is regular

]

_j_iil' D?-'(B/A,M) = 0 for all B modules M anjg q > 2.L

O L
ey
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I/:|:2 1s a projective "B module and B/A (I/I ,1).

"_—-_M

orollary 10.5: If A is noetherian and B = A/I , the

C

following are equivalent:

@

@ D,(B/A,M) = O for all finitely generated B-modules M

I 1is regular

S So- taAAAEAY eEaRre e modules
@l D2 (B/A,M) = 0 1 " i n _— ] .
@ I/I2 is a pro,]ective B-module and D, (B/A) =

Proof: (ii) (ii)' and (iii) are equivalent by the universal

coefficient spectral sequences. (i == (ii) is clear from 10.3

while (iii) ==> (i) follows from 8.13 (iii) and the 5 term exact
sequence 612

10.6. Suppose A is noetherian and B is a finite type

A-algebra. Choose a surjection of A-algebras P - B where P
m

is a polynomial ring over A of finite type and I be the ker-
-_—_“'h—

nel of this map. B 1s said to be a local complete intersection

over A if I is regular. By 5.% we have Dq(B/A,M) = Dq(B/P,M)

for q > O hence by 10.3 this condition on B 1s independent
il s

of P and we obtain the following.

m

Theorem 10.7: Suppose A 1is noetherian and B is an

A-—algebra of finite type. The following assertions are egquivalent:
e

B 1is a local complete intersection over A

@ D (B/8,M) = De(B/A,M) = O for all B -modules M ang

U SE—— X



10.4
(iii) D,(B/A,M) = O for all finitely generated B modules

(1i1)' D°(B/A,M) =0 * " w "

(iv) rI-'DB/A has projective dimension <1

Here a chain complex X of B modules is said to be of pPYo-

jective dimension < r 4if it is isomorphic in the derived cate-

-

gory to a chaln complex of projective B modules which is zero

in dimension > r , or equivalently Hq{HomB(X,M)} = 0 for all
B modules M . '

Corollary 10.8: If A is a local noetherian ring with resi-
due class field Kk , the following are equivalent:

(1) A is regular
(i1) Dq(k/A) =0 for q> 2
(i11) D, (k/A) = O

A local ring is regular if and only if its maximal ideal m

is generated by regular sequence, i.e. iff m 1is regular, so

this follows from 10.5.

m_

lO 9. *“A ..LS a loual noetherian ring, with residue field

e e e o
Bamak " el -

k , thenh. by Fobsen‘; *Ps: P/T _where P is a complete regular local

-_-_"—_-—-_“_ . _"'--—__.__

e

ring. A: 1__s-"sald to "be a__com lete intersection if I is &

H

regular ld8al By bhm changc of rings exact sequence associated
- A —_— ,':". - v
to “P-= A = k.ry# 1}- ana flat base extension (4.9)

el oo ®) =Dy (/A) - ...

SO 1f g2 D, (k/A)
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we find that

(10.10) Dq(k/ﬂ) o Dq_l(ﬁ/P,k) Q2 3

2 -
(10.11) 0 - D,(k/A) = I/I @ﬁk = m/my - Dl(,k/A) -~ 0

where a is induced by the inclusion I cn . Now as A is

local noetherian, the projective dimension of ‘LDﬁ/ i1s the
- - A/P
largest q for which Hq(LDA;®Ak) (A/P K) # 0 . Thus f'rom
-~ A/P A

10.10 and 10.5 we find

Corollarz 10.12: If A is &g local noetherian ring with resi-
-———-lm:_____-——-——ﬁ___‘ﬁ__

due field k , then the following conditions are equivalent:
i et et ——etr Pt et et ——— S e e L U —— ""'-'"-"h—-_--—-

Remark 10.13: One:may'always arrange that the dimension of

P~ 1is minimal such that P/I = . This is equivalent o

I C:mg », whence the map a in 10.11 is zero, and so we obtaln
an interpretation of dlle(k/A) as the minimal number of
generators for A _a_gg dimD, (k/A)  as the minimal mumber of

relations. We will generalize this in the Tollowing chapter.

Remark 10.1%: Suppose A noetherian and B finite type

over A . Then 10.7 and 5.3 characterize when LDB/A has pro-

Jective dimension O or 1 . 1In the next chapter we will give

evidence for the ¢ollowing,congecture
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Conjecture 10.15: B 1is a local complete intersection over

A iff B 1is finite Tor dimension over A and '--]:'DB /A has finite

projective dimension.

The implication ==> is clear. One reduces to the case where
B=A/I, whence if I is generated by r elements, Tor dim of
A/TI over A is < r by means of the Koszul complex. For the

converse, the hypothesis that B be of finite Tor dimension

over A 1s necessary, as may be seen from the exemple of a local
hoetherian ring A which is a complete intersection but which

1s not regular; then the projective dimension of =.]:"Dk/A is two.
(Incidentally in all eXamples where ;DB /A has finite projective
dimension known to the author Fhe projective dimension is < 2

and one might conjecture this/;iways true.) By the argument used

to prove 10.12 the conjecture 10.15 implies the following.

Conjecture 10.16: If A 1is a local noetherian ring with

residue field k and Dq(k/A) = 0 Tfor q sufficient large,

then A 1is a complete intersection.



K . The fundamental spectral Seéquence when B = k is

2 = k == A }
(11.1) Poa = Hpiq(5qLPy/y) ==> Tord, (x,k)

and i1t has an edge homomorphism Torﬁ(k,k) ﬂ'Qn(k/A) which
annlhilates the decomposable elements of Tbrﬁ(k,k). (6.15).

Theorem 11.2: If the characteristic of k is zero, then all
__"'"'-__"—-—_—————-—_-——____ et R —

the differentials in the Spectral sequence 11.1 are Zero, hence

\___—____\"“\_- S

Dy (kX/A) 1is isomorphic to the indecomposable space of Tbrﬁ(k,k) :
d _ml1L“__H*_______m__m_“____________

Proof: By a result of Assmus [ ] Ibrﬁ(k,k) 1s a commutative

Hopf algebra, hence by a theorem of Borel (see [ ]) Torﬁ(k,k)
is isomorphic to a tensor product of an exterior algebra with

odd dimensional generators and a polynomial ring with even dimen-

sional generators. In other words, if W, C Torﬁ(k,k) 1s a
h———-...|||..|.._.--———-_~.___

complementary subspace to the decomposableﬂg}gmgpts, then S, =

—_———— e T - el e e N L T et - vy *
- —— - i = " - ey Sl el vt il Ve . L T
A e, ey, =i ey " — L e i gl

-l"--.--.-“rl--—-l-.-_.

o

Torf(k,k) where S 1s the skew-commutative Symmetric algebra
functor (7.%2). By 7.43 Eiq:'ggD%(k/A) . Abbreviating Torﬁ(k,k)
and Dn(k/A) by Th_ and Dn respectively we show by induction

on n that the composition W - T0 - D 15 an 1somorphism for

| q
Q <n and surjective for Q=n. For n=1 this is clear

) 2 . : .
since all three are mp/mA - Assuming the assertion is true for

n it follows that all differentials.issuing f rom E§1.=D are

b
zero for p < n , hence as E2 1s generated by EE 1 as an
e oo s : 3 L

algebra and as the differentials are derivations, we have that
. . ) N

—pn maplii” - e ey ey e . B
- - —— el eyl ~ienn—. ey, Wil i~y el —
.e e il - e —— _—
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all differentials issuing rfrom qu are zero for p < n . Hence
qu/qu for p < n, so
n-1 n-2
gr T = ¢ E. - "®. E° /B ® D_ .

It

As W_ =~ Dq for g < n, we have dim qu = dim(qu*)

q p+q
S W for < n-2 . But

di di T n22 di (E B ) + dim D
~dim T = m gr L, = b0 im --p/ p,n-p’ ° im D

n-2 .
< pgo d:Lm(S pw*)n 4+ dim Wn = dim EI.‘n
which shows that B =0 for 0O p<n-2 and dim W_ = dim I
p,N1-p — - n

The latter equality shows that the surjective map Wn ~ Dn 1s an
isomorphism. The former equality shows that all differentials
issuing from En 1 @are zero, and hence the edge homomorphism

3
Tn+1 - Dn+l is surjective. But we know that the edge homomor-

phism kills decomposable elements, hence Wn w1~ D is sur-

n-+l
jective and the induction is complete. Q.E.D. P

11.3. If the characteristic of kX 1is p > O , then the
above arguments work in dimensions < 2p . In effect H*(Sqf—k/ﬁ)
S (D*) for g < p because the proof of 7.43 used only the com-
plete reducibility or the representation oi the symmetrlc groﬁt
qu which holds in characteristic p 1if g < p . AlS0 Borel*n__
theorem in characteristic p shows that Tor*(ﬁ,k) -1s atensof
product of monogenic algebras k[x],(xm) whiere m = 2 if, p_',

and degree X are odd and m = pa', l{aflw otherwise.. .
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11.3

P can occur when the degree of x 1is even

(Actually only m

because Tor, is the homology of simplicial k-algebra, hence

admits a canonical system of divided power operations for elements

of degree > 2, so that X2 = 0 for all x of odd degree > 1

and xP = 0 for all x of even degree > 2.) Thus Tbr*'-SW*

in dimensions < 2p. Therefore we have the following.

Theorem 11.4: If the characteristic of k is p > O , then

Dq(k/A) 1s isomorphic to the indecomposable quotient space of
Torg(k,k) if g < 2p .

Remark 11.5: This is false for q=2p if A is not regular

since the kermnel of the map Tbrep - D will contain the p-th

ep
divided powers of elements of Tor, and these are not decompos-

able'elements of Torép

11.6. For the rest of this section we suppose that k is of
characteristic zero. The dual of the Hopf algebra Tbrﬁ(k,k)

—- ) e

may be shown to be Extz(k,k) with the Yoneda product. Ext* is

cocommutat*ve hence by a theorem of Milnor and Moore [ ] it is

— — -

‘the unlversal enveloplng dlgebra of its (skew-)Lie algebra of

prlmltive élements ‘Under duality the primitive subspace of

.r---ul—-l.__'h"

—_—— —— =

i .
ll!' "-'-_._..'
- - ‘-” __.._._.,“:-FF . i—.

T?Eif corresponds to the 1ndecomposable quotient space of Tor, .

D*(k#A)-~1s*the dual of Dy (k/A) we have

Theorem 1T 7 CUIF x 'is of characterfijtic zero, then D*(k/A)

1s canonically'lsomorphic to the subspace of primitive elements

A e

lnEXtE(K,kl: """ In Darblcular ‘D*(k/A) has a natural (skew-) Lie
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algebra structure and there is a canonlical Hopf algebra isomor-

. . o e sl dellll -
- e ety -l e el W . el E—— gy - r
A el 4 L JEE Y S - o E———

phism

A S " B e T . s

,._\ ﬁ{D*(k/A)} ~ Ext} (k, k)

where U denotes the universal enveloping algebra. ., Moreover

chere 1ls a canonical algebra isomorphism
S{Dy (k/A)} ~ Tort(x,k) .

Ihe last assertion Tollows from the Poincére—Birkhoff-Witt
theorem in characteristic 0 , which when & 1s a Lie_algebra
gives a canonical coalgebra isomorphism exp: S(g) - U(g) and
hence a canonical algebra isomorphism t(exp): U(g)' = §(§)‘ ~

E?Qg') .

11.8. The calculation of D*(k/A) with its Lie algebra

structure is therefore eéquivalent to the calculation of Extﬁ(k,k)

with its Hopf—algebra.st;gcture. If we assume A 1is complete,

which doesn't change any of the groups involved, then by Cohen

A has a field of representatives, so we may view A as a k-

algebra and use a continuous form of the cobar construction to
| | e

calculate Ext* as follows.

Iet m = m, be the maximal ideal of A . As A is complete
1t is a linearly compact vector Space over k with topological

aual

m' = lim Homk(m/mn,k) :
n

The topological dual of the complex m[l] , which is m 1in
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dimension 1 and zero elsewhere is m'[-1] . Let d be the unigue

degree -1 derivation of the tensor algebra T(m'[-1]) such that
_— T T T T T T T e h—“___

d: m'[-1] - m'[-1]@m'[-1] is the transpose of the multlpllcatlon

= e L ke i

map m®m-=m . The assoclativity of multiplication implies

d2 = 0 , and the commutativity implies that d 4is a coderivation:
— T

of T(m'[-1]) when this is endowed with the ﬁOpf algebra struc-

M_——-'——'W

ture :Ln which m [-1] 1is prlmitlve Thus T(m'[-1]) together

A -

with d 1is a differential graded Hopf algebra. Its space of
primitive elements is the differential graded Lie algebra L(m'[-1]
together wlth the induced differential, where L is the free
(skew-) Lie algebra functor on graded vector spaces.

We recall the standard convention Hq(K) = H_qK for any

cbmplex K .

Proposition 11.9: There is a canonlcal H0p4. algebra isomor-
phism

and hence a canonical Lie algebra isomorphism

O (1/4) 2 8" (1 (m' [-11,9))

Proof: The second formulai:olloxgs_kfrom the first using 11.7

anc¢ the fact that in charac +er:1.st1c:aro :th p*mltlve element

_-—-_.__
—

- - . ron
'.l-..--l-\--‘ —— - -—

and homology functors 'for' dl erentlal _aradea Hopf algebras com-

mute (see [ ]). The first statamant—ns presumably well known

we shall present only an outllne of- 1_1:‘5 _,just.L.f:Lcatlon Le_t A

e — FE—— ]

be the continuous k-dual of‘ A and make. A_igT_(m* [-1]) into

[
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o differential graded right T(m'(-1]) module by defining

g: A' - A'@m'[-1] to be dual to the multiplication A&m - A .

I° = A'@T(m'[-1]) 1is s resolution of Xk , since it is the cobar
construction of the coalgebra A' . I Moreover A' 1s an injec-
tive A module, in fact, it is an injective hull of K , 8O oOne
sees that I~ 1is an injective resolution of k as an A module,
whence there is canonicel k module isomorphism Extz(k,k) =

K" {Hom, (k,I")} = H (T(m'[-1]),d) .

To see this isomorphism is compatible with products we recall

that the Yondeda product of u € Extﬁ(k,k) and v € Extg(k,k) 5
e v e .
denoted u-. v € Extg-"q(k,k) , 1s the composition vou when u

and Vv are thought of as degree p and g maps Irom kK to Kk
" in the derived category D(A) . If we represent u and Vv by

maps u: k[p] - I" , v: k[q] = I then to calculate vou Wwe

N ——

must choose a map © in the diagram

k
\
Kk ;\
\ ~ \
1° - -~ 1P - ..
' v
K ® o
\ V v
“0=1I°=... -1%~ - IPTa |
whence veu is represented by mou: k[p+q] - I . 1In the

situation at hand v(A) = Aw(1) where v(1) € T(m'[-1])% so

a- ;(l) , where we use the right

we may take o to be o(a)
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T(m'[-1]) module structure of I . Then (o) (1) = u(l)ev (1),

i.e. the Yoneda product u- v ¢ ExtP™d corresponds to the pro-

.-_—_-_"—"'—-—_—-—-u_—-————-—_—-—'

duct of u and v in the algebra H (T(m'[-1]),d) .
Finally we must showwfhe lsomorphism is compatible with the

coalgebra structure on Ext* , which we recall comes via duality

from the algebra structure on Tory . The tensor product of the

natural coalgebra structures on A' and T(m'[-1]) 1is a coalgebra

structure on I° for which d is a coderivation (see [ ] for
details). 1In the special case where A is finite dimensional
over K , 1t follows that the dual of I° 41is a free differential
graded algebra resolution of k (in fact its the bar resolution
and

B(A)) , hence Tor, 1is algebra-isomorphic to H*(k@h(l'):)
Ext¥ 18 coalgebra-isomorphic to H*(HomA(k,I')) - H*(Iwm:[ul]),d)_

category of (skew-graded) Lie algebras over k which translorms
direct products into direct sums in virtue of thefoli@ﬁiﬁ§ 

Kunneth-type formula:

- e — T — - - - . -"-Q-'-r:_— ..—: ———ay T -
- ,

Theorem 11.10: If A and B are local noetherian rings .~

with residue field k (of char. 0), then the canonical ‘homomors"

phism_Of Lie algebras

D*(k/A) vD*(k/B) = D* (/Ax, B)
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is an isomorphism, where V\V denotes direct sum in the category of

Lie algebras.

Proof: If R and S are two non-commutatcive augmented

k-algebras, then thelr direct sum in this category is given by the

formula

(11.11) RVS = @ (RVS),

where a runs over all words in the free monoid generated by two

letters a and b , where

(11.12) (Rvs)(a b...b...) = . ®R® SQ®. . ®S®

a...z D+ B \hﬂﬂﬁﬂﬂ/\
4

and where R and S denote the augmentation ideals of R. and
S respectively. If R and S are differentlal graded algebras
and RVS 1s endowed\with the differential which is the unique
derivation of RVS coinciding on R ~ (Rv8), and S =~ (RvS)

b
with the differentials of R and S respectively, then the

decomposition 11.11 is compatible with the cdifferentials and shows

thatl

H(RVS) ~ H(R) VH(S)

Hh
(s
-
Hhy
4
(D

If C = AX,B,then m,y = m,&my and there 1s an isomorphism o

entiallgraded algebras

D(m;[-1]) v T(mpl-1]) ~ T(mgl[-1])
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and so an isomorphism of homology algebras, which by 11.9 gives

i somorphisms

Exty (k,k) VExty (k,k) =~ Exti(k,k)

! a

U(D* (k/A)VD* (k/B)) ~ U(D*(x/C)) .
Taking primitive elements, the theorem follows.

Remark 11.13: If we conslider the category of local noetherian
kX algebras with residue field k which are essentially of finite
A
type (resp. complete), then C = (A®,B).  (resp. C = A®,B) 1is

the direct sum in this category and we have the following formula
D*(k/C) = D*(k/A) xD*(k/B) ,

which follows easily from 4.9 and the compatibility of D* with

flat base change (4.9).

Remark 11.14. It is possible to write down a formula analogous
to 11.11 and 11.12 for the direct sum oI skew Lie algebras. For
the formula see 'any account of the Hil%on--'l-{iix_)of'L.-'fi:h‘e'_c_f_':x_'é‘_in in -

algebraic topology.

[ -
el -

Examples: 11.15. Suppose A = kénm where  m~ = 0.a - Then the
cobar construction has zero differentials s Ext;(kﬂ“’): _T(m:.{__l])

and D*(k/A) = L(m'(-1]) . If dim m= 1--and  xis a basis for -
m' , then DY(k/A) = kx , D°(k/A) = kx* where x~ =-3[x,x] and

all other D3 =0 . If dim m=2 and x,y is-a basis for m' ,
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2

then DI = kxeky , D° = locgek[x,ylﬁ-yz , D° = klx,[x,yllexly, [x,y]]

etce.

11.16. Suppose C 1is the complete local ring at the inter-

section of a p plane and a q plane meeting transversally.

- Then C = Aka where A and B are power series rings in p and

g variables. pl (k/A) = (mc/mg)' = (mA/mi)'@(mB/mg)' so if

2
Xse o s Xy is a basis for mA/mA and y,,...,¥, 1is a basis for

Q
(:rnB mg)‘ , then D¥*(k/C) 1is the quotient of the free skew Lie

algebra generated by the degree 1 elements XyseoesXo¥qaecesy

| q
by the ideal generated by the relations

O

[xi’xj]

J)
O

[yi’yj]



